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Abstract 
Adequate modeling of reinforced concrete (RC) cracking and, particularly, post-cracking behavior (tension-stiffening), 
as one of the major sources of a nonlinearity, is the most important and difficult task of the deformation analysis. 
Present investigation aims at deriving a steel-related tension-stiffening relationship based on the smeared crack 
approach. The analysis uses the results of the experimental program performed by the authors. It consisted of three 
beams reinforced with three deformed bars of 18, 14 and 10 mm in diameter. Other characteristics of the beams were 
almost identical. An inverse technique has been developed to derive a steel-related tension-stiffening model from the 
moment-curvature diagrams of the beams. The constitutive relationship recommended by Eurocode 2 was assumed 
for the compressive concrete, whereas the elastic-brittle behavior was taken for the concrete in tension. The tension-
stiffening effect was modeled by the stress-strain relationship of the tensile reinforcement. For the model assumed, 
total stresses in the tensile reinforcement consist of genuine stresses corresponding to the average strain of the steel 
and the additional stresses due to tension-stiffening. It was found that the tension-stiffening stresses, normalized in 
regard to reinforcement area, have become almost independent on the amount of reinforcement. The proposed 
technique is capable of investigating the tension-stiffening behavior in RC flexural members. 
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1 INTRODUCTION
A deformation behavior of cracked RC members is a complex process including a wide range of 
effects, such as different strength and deformation properties of steel and concrete, concrete cracking, 
tension-softening and tension-stiffening, bond slip between reinforcement and concrete, etc. Even at a 
low load, the behavior of cracked RC member can be non-linear, which presents a challenge for the 
calculation of its deformation. Figure 1a presents a typical load-strain curve of RC members subjected to 
tension. This curve can be divided into three regions. The first region represents the elastic behavior of 
the member up to the start of cracking. The second region covers the deformation behavior from the first 
primary crack to the final cracking point. The third region aims at the behavior from the final cracking 
point to the yielding of the reinforcement. Before cracking the concrete tensile stress (represented by 
grey-filled area in Figure 1a) increases with a load. When the stress in concrete first reaches the tensile 
strength at a weakest section, cracking occurs. After the formation of the first primary crack up to the 
final crack, concrete contribution steadily decreases (Gupta and Maestrini 1990). At the final cracking 
point, the stable crack pattern has been reached. The increase in a load will result in the further decrease 
of a concrete contribution due to the bond-slip causing cover-controlled cracks to develop between the 
primary cracks and a gradual breaking down of the bond (Wu and Gilbert 2009). Goto (1971) described 
this process as the formation of internal secondary cracks along the deformed bar due to the bond stress 
transfer to the sound concrete in between primary cracks (see Figure 1b). 
Similarly as for tensile members (see Figure 1a), the cracking behavior of flexural members can be 
also divided into the three phases: the uncracked, the crack formation and the stabilized cracking. During 
the uncracked phase, concrete and steel behave elastically. At the start of the crack formation phase, first 
primary crack is formed in a locally weak section. Flexural cracks are formed in the tensile zone of the 
member. The intact concrete between cracks carries the tensile force due to the bond-action between the 
steel and concrete. The average tensile stress in the concrete can be a significant fraction of the tensile 
strength of concrete. This effect is called the tension-stiffening. It must be noted that tension-stiffening 
relationships obtained from the tension tests of RC members do not necessarily assure accurate results for 
the calculation of bending elements. Therefore, quite naturally, a researcher is challenged by the idea to 
solve an inverse problem of bending analysis: to derive stress-strain relationships of the concrete material for 
given test moment-strain (curvature) diagrams. The present research is dedicated to investigate the bond 
behavior of flexural RC members. Analysis technique is based on the original inverse procedure and uses 
results of the experimental program performed by the authors. 
 
Figure 1: Stages of load-deformation behavior of tension member (a) and formation of secondary cracks (b). 
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2 ANALYSIS TECHNIQUE 
This Section presents a numerical procedure for deriving a steel-related tension-stiffening relationship 
from the test data of flexural RC members. The analysis technique applies the inverse procedure, 
originally proposed by Kaklauskas and Ghaboussi (2001). The authors have performed a number of 
investigations of deformations of composite structures by applying the original inverse technique and its 
modifications (Kaklauskas et al. 2008, 2009, Gribniak 2009 and Gribniak et al. 2009), including the paper 
reported in this conference (Kaklauskas et al. 2011). Present research employs the inverse technique, 
based on the layer section model (Figure 2c), similar to (Kaklauskas et al. 2011) and modified by Salys et 
al. (2009). 
Consider a double reinforced section shown in Figure 2a. The analysis is based on the smeared crack 
approach and the assumption of linear strain distribution within the depth of the section (see Figure 2b) 
implying the perfect bond between concrete and reinforcement. As shown in Figure 3a, the constitutive 
relationship recommended by Eurocode 2 (CEN 2004) was taken for the compressive concrete, whereas 
the elastic-brittle behavior was assumed for the concrete in tension (see Figures 2d and 3b). Tension-
stiffening was modeled by the stress-strain relationship of the tensile reinforcement (see Figure 3c). 
 
Figure 2: Layer section model of RC section (a)–(d) and loading scheme of the test beams (e). 
 
Figure 3: Constitutive relationships assumed for compressive (a) and tensile (b) concrete and tensile reinforcement (c). 
The inverse analysis is based on use of a moment-curvature relationship. Computations are performed 
iteratively for an incrementally increasing bending moment. Based on the geometrical parameters of the 
cross-section, the layer section model has to be composed. For a given load increment, the initial value of 
the secant deformation modulus of the tensile reinforcement is assumed (see Fig. 2d). Based on the direct 
analysis (Kaklauskas et al. 2011), the curvature is calculated. If it differs from the experimental value 
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more than the assumed tolerance, the analysis is repeated using the hybrid Newton-Raphson & Bisection 
procedure (Gribniak 2009) until the curvature condition is satisfied. The analysis results in the derived 
steel-related average stress-strain tension-stiffening relationship. The application of this relationship in 
the direct analysis would give the original moment-curvature diagram. 
3 EXPERIMENTAL INVESTIGATION 
Present investigation uses the results of the experimental program performed by the authors. It consisted 
of three beams, which were of a rectangular section, with a nominal length 3280 mm (span 3000 mm), 
depth 300 mm and width 280 mm. The beams were tested under a four-point bending scheme with the 
concentrated forces dividing the span into three equal parts. Main geometrical and material characteristics 
of the beams are presented in Table 1. In the tension zone, the beams were reinforced with three deformed 
bars of 18, 14 and 10 mm in diameter, respectively. Stirrups in the shear span and the top reinforcement 
were also provided. 
A concrete mix proportion was taken to be uniform for all beams. The ordinary Portland cement and 
crushed aggregate (16 mm maximum nominal size) were used. Water/cement and aggregate/cement ratio 
by weight were taken as 0.42 and 2.97, respectively. Prior to the short-term tests of the beams, 
measurements on concrete shrinkage and creep were performed. Free shrinkage measurements were 
performed on the fragments of the test beams (280×300×350 mm).\ 
Experimental moment-curvature diagrams needed for deriving tension-stiffening relationships were 
obtained from the concrete surface strains, recorded in the pure bending zone. The concrete surface 
strains were measured throughout the length of the pure bending zone on a 200 mm gauge length, using 
mechanical gauges. Four continuous gauge lines were located at different depths with two extreme lines 
placed along the top and bottom reinforcement. 
The test moment-curvature diagrams of the beams are shown in Figure 4a. The authors have proposed a 
numerical procedure for deriving free-of-shrinkage moment-curvature relationships (Kaklauskas et al. 
2008). This procedure was applied to the test beams. The moment-curvature diagrams after eliminating 
the shrinkage effect are also presented in Figure 4a. Quite a striking difference between the transformed 
and the original curvature diagrams (at least not acceptable for constitutive modeling purposes) can be 
noted for the beams with a higher reinforcement ratio. 
 
Figure 4: Moment-curvature diagrams of the test beams (a) and derived steel-related average stresses-strain relationships (b). 
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Figure 5: Steel-related diagrams: tension-stiffening stresses (a) and internal forces (b). 
Table 1: Main characteristics of experimental beams 
Beam 
h d a2 b f'c İsh,obs As1 Es1 fs1 p As2 Es2 fs2 
mm MPa ȝstrain mm2 GPa MPa % mm2 GPa MPa 
S1-3 299 268 23 283 48.2 –272.0 755 207 582 0.99 57 224 585 
S2-3 300 272 29 282 48.1 –267.7 466 211 632 0.61 57 224 585 
S3-2-3 298 271 32 284 50.9 –210.9 232 210 578 0.30 57 224 585 
4 RESULTS OF THE ANALYSIS 
Average stress-strain relationships attributed to the tensile reinforcement were derived by the proposed 
procedure using the free-of-shrinkage moment-curvature diagrams. The calculated steel-related tension-
stiffening average stress-strain diagrams are shown in Figure 4b. For the model assumed, total stresses in 
the tensile reinforcement consist of genuine stresses corresponding to the average strain of the steel and 
additional stresses due to tension-stiffening. It should be noted that the tension-stiffening stresses are 
initiated at the start of cracking. Figure 5a gives tension-stiffening stresses obtained for the test beams. 
Tension-stiffening stresses were different for different beams with larger stresses obtained for the lightly 
reinforced beam. Due to the differences of the tensile reinforcement area, the tension-stiffening stresses 
cannot serve as an objective parameter. In Figure 5b, the tension-stiffening effect is presented in terms of 
the internal force-strain diagrams. As it was expected, the calculated internal forces for different beams 
have approached each other with almost coinciding maximum values. However, it should be noted that 
the tension-stiffening after reaching the maximum was reducing at different rate depending on the 
reinforcement ratio. Thus, the tension-stiffening stresses were decreasing more rapidly in the members 
having higher reinforcing ratio. 
5 CONCLUDING REMARKS 
This study is dedicated to the analysis of deformation and tension-stiffening behavior of RC beams. 
The paper introduces a numerical procedure for deriving a steel-related tension-stiffening relationship 
from the test data of flexural RC members. Analysis is based on the results of experimental program 
performed by the authors. It consisted of three beams, each reinforced with three deformed bars of 18, 14 
and 10 mm in diameter. Other characteristics of the beams were almost identical. Average stress-strain 
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relationships attributed to tensile reinforcement were derived by the proposed procedure using the free-of-
shrinkage moment-curvature diagrams. For the model assumed, total stresses in the tensile reinforcement 
consist of genuine stresses corresponding to the average strain of the steel and the additional stresses due 
to tension-stiffening. Greater tension-stiffening stresses were obtained for the members with smaller 
reinforcement ratio. However, the tension-stiffening stresses, normalized in regard to reinforcement area, 
have become almost independent on the amount of reinforcement. The proposed technique was found to 
be capable of investigating the tension-stiffening behavior in RC flexural members. 
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